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ON THE EKEDAHL-OORT STRATIFICATION OF
SHIMURA CURVES
BENJAMIN HOWARD
Abstract. We study the Hodge-Tate period domain associated to a
quaternionic Shimura curve at a prime of bad reduction, and give an
explicit description of its Ekedahl-Oort stratification.
1. Introduction
Fix a prime p, and let C be the completion of an algebraic closure of Qp.
Denote by O Ă C its ring of integers, and by k “ O{m its residue field.
1.1. Stratifications of p-adic periods domains. Let G be a p-divisible
group over O. It has a p-adic Tate module
TppGq “ HompQp{Zp, Gq
and a module of invariant differential forms ΩpGq. These are free of fi-
nite rank over Zp and O, respectively. Using the canonical trivialization
Ωpµp8q – O, we define the Hodge-Tate morphism
(1.1.1) TppGq – HompG
_, µp8q
HT
ÝÝÑ HompΩpµp8q,ΩpG
_qq – ΩpG_q,
where G_ is the Cartier dual of G.
Theorem A (Scholze-Weinstein [SW13]). There is an equivalence between
the category of p-divisible groups over O and the category of pairs pT,W q in
which
‚ T is a free Zp-module of finite rank,
‚ W Ă T bZp C is a C-subspace.
The equivalence sends G to its p-adic Tate module T “ TppGq, endowed with
its Hodge-Tate filtration
W “ ker
`
TppGq bZp C
HT
ÝÝÑ ΩpG_q bO C
˘
.
Fix a free Zp-module T of finite rank, and consider the Qp-scheme
X “ GrdpT bZp Qpq
parametrizing subspaces of T bZp Qp of some fixed dimension d ď rankpT q.
By the theorem of Scholze-Weinstein, every point W P XpCq determines a
p-divisible group G over O, whose reduction to the residue field we denote
by Gk. Let Gkrps be the group scheme of p-torsion points in Gk.
This research was supported in part by NSF grant DMS1501583.
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If we declare two points W,W 1 P XpCq to be equivalent when the corre-
sponding reductions Gk and G
1
k are isogenous, the resulting partition is the
Newton stratification of XpCq. Alternatively, if we declare W,W 1 P XpCq
to be equivalent when the p-torsion group schemes Gkrps and G
1
krps are iso-
morphic, the resulting partition is the Ekedahl-Oort stratification of XpCq.
There are similar partitions when X is replaced by a more sophisticated
flag variety, called the Hodge-Tate period domain, associated to a Shimura
datum of Hodge type and a prime p. This period domain and its Newton
stratification were studied by Caraiani-Scholze [CS17], who proved that each
Newton stratum in XpCq can be realized as the C-points of a locally closed
subset of the associated adic space. For the Ekedahl-Oort stratification of
XpCq there is nothing in the existing literature, and it is not known if it has
any structure other than set-theoretic partition.
In the case of modular curves, the Hodge-Tate period domain is the pro-
jective line P1 over Qp. In this case the Newton stratification and the
Ekedahl-Oort stratification agree, and there are two strata: the ordinary
locus P1pQpq, and the supersingular locus P
1pCqr P1pQpq.
For the compact Shimura curve determined by an indefinite quaternion
algebra over Q, and a prime p at which the quaternion algebra is ramified,
the Hodge-Tate period domain X is a twisted form of P1. All points of
XpCq give rise to supersingular p-divisible groups over k, and so the New-
ton stratification contains a single stratum, XpCq itself. In contrast, the
Ekedahl-Oort stratification is nontrivial, and the goal of this paper is to
make it explicit.
Although the methods used here are fairly direct and elementary, it is not
clear to the author how far they can be extended. For example, the case of
Hilbert modular surfaces may already require new ideas.
For background on the classical Ekedahl-Oort stratification of reductions
of Shimura varieties (as opposed to their Hodge-Tate period domains), we
refer the to work of Oort [Oor01], Moonen [Moo04], Viehmann-Wedhorn
[VW13], Zhang [Zha18], and the references found therein.
1.2. The Shimura curve period domain. Let Qp2 Ă C be the unique
unramified quadratic extension of Qp, and let Zp2 Ă O be its ring of in-
tegers. Denote by x ÞÑ x the nontrivial automorphism of Qp2 . Define a
non-commutative Zp-algebra of rank 4 by
∆ “ Zp2rΠs,
where Π is subject to the relations Π2 “ p and Π ¨ x “ x ¨Π for all x P Zp2 .
In other words, ∆ is the unique maximal order in the unique quaternion
division algebra over Qp.
ON THE EKEDAHL-OORT STRATIFICATION OF SHIMURA CURVES 3
Let T be a free ∆-module of rank one, and let X be the smooth projective
variety over Qp with functor of points
(1.2.1) XpRq “
$&
%
R-module local direct summands
W Ă T bZp R
of rank 2 that are stable under ∆
,.
-
for any Qp-algebra R. This is the Hodge-Tate period domain associated to
a quaternionic Shimura curve.
As we explain in §4.1, our period domain becomes isomorphic to the pro-
jective line after base change to Qp2 , and any choice of ∆-module generator
λ P T determines a bijection
(1.2.2) XpCq – C Y t8u.
After fixing such a choice, we normalize the valuation ord : C Ñ R Y t8u
by ordppq “ 1, extend it to C Y t8u by ordp8q “ ´8, and use (1.2.2) to
view ord as a function
ord : XpCq Ñ RY t´8,8u.
The theorem of Scholze-Weinstein gives us a canonical bijection
XpCq –
$&
%
isomorphism classes of p-divisible groups G over O
of height 4 and dimension 2, endowed with an action
of ∆ and a ∆-linear isomorphism TppGq – T
,.
- .
By forgetting the level structure TppGq – T , reducing to the residue field,
and then taking p-torsion subgroups, we obtain a function
XpCq Ñ
"
isomorphism classes of finite group schemes
over k, endowed with an action of ∆{p∆
*
sending G ÞÑ Gkrps, whose fibers are the Ekedahl-Oort strata of XpCq.
Hypothesis. For the rest of this introduction, we assume p ą 2. Theorems
B and C below are presumably true without this hypothesis, but we are
unable to provide a proof. See the remarks following Theorem 2.3.6.
It is convenient to organize the strata into two types: those on which
the p-torsion group scheme Gkrps is superspecial (in the sense of §3.2), and
those on which it is not. The two theorems that follow show that there
are three superspecial strata, and two infinite families of non-superspecial
strata. These results are proved in §4.2, where the reader will also find an
explicit recipe for computing the Dieudonne´ module of the p-torsion group
scheme Gkrps attached to a point of XpCq.
Theorem B. The conditions
1
p` 1
ă ordpτq ă
p
p` 1
on τ P XpCq define an Ekedahl-Oort stratum, as do each one of
ordpτq ă
1
p` 1
,
p
p` 1
ă ordpτq.
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The union of these three strata is the locus of points with superspecial reduc-
tion. In particular, the isomorphism class of the finite group scheme Gkrps
is the same all on three strata, but the isomorphism class of Gkrps with its
∆-action is not.
Now consider the locus of points
(1.2.3)
"
τ P C : ordpτq “
1
p` 1
*
Y
"
τ P C : ordpτq “
p
p` 1
*
Ă XpCq
at which the corresponding p-divisible group does not have superspecial
reduction. The isomorphism class of the p-torsion group scheme Gkrps is
constant on (1.2.3), but the isomorphism class of Gkrps with its ∆-action
varies. In fact, the ∆-action varies so much that (1.2.3) decomposes as an
infinite disjoint union of Ekedahl-Oort strata.
Theorem C. The fibers of the composition"
τ P C : ordpτq “
1
p` 1
*
τ ÞÑp{τp`1
ÝÝÝÝÝÝÑ Oˆ Ñ kˆ
are Ekedahl-Oort strata, as are the fibers of the composition"
τ P C : ordpτq “
p
p` 1
*
τ ÞÑτp`1{pp
ÝÝÝÝÝÝÝÑ Oˆ Ñ kˆ.
Both unlabeled arrows are reduction to the residue field.
Remark 1.2.1. The infinitude of Ekedahl-Oort strata is a pathology arising
from the non-smooth reduction of compact Shimura curves. Similar patholo-
gies for the reductions of Hilbert modular varieties at ramified primes are
described in the appendix to [AG03].
1.3. Notation and conventions. Throughout the paper p is a fixed prime.
We allow p “ 2 unless otherwise stated. Let k “ O{m as above, and denote
by σ : k Ñ k the absolute Frobenius σpxq “ xp.
The rings Zp2 Ă O and ∆ “ Zp2rΠs have the same meaning as above. We
label the embeddings
(1.3.1) j0, j1 : Zp2 Ñ O
in such a way that j0 is the inclusion and j1pxq “ j0pxq is its conjugate.
1.4. Acknowledgements. The author thanks Keerthi Madapusi Pera for
helpful conversations.
2. Integral p-adic Hodge theory
In this section we study the integral p-adic Hodge theory of an arbitrary p-
divisible group G over O. The quaternion order ∆ plays no role whatsoever.
Following [SW17], [Far15], and [Lau17], we will attach to G a Breuil-
Kisin-Fargues module, and explain how to extract from it invariants of G
such as its Hodge-Tate morphism (1.1.1), and the Dieudonne´ module of its
reduction to k.
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2.1. A ring of periods. Let C5 be the tilt of C, with ring of integers O5.
Thus
O5 “ limÐÝ
x ÞÑxp
O{ppq
is a local domain of characteristic p, fraction field C5, and residue field
k “ O5{m5. An element x P O5 is given by a sequence px0, x1, x2, . . .q of
elements xk P O{ppq satisfying x
p
k`1 “ xk. After choosing arbitrary lifts
xk P O, set
x7 “ lim
kÑ8
x
pk
k .
The construction x ÞÑ x7 defines a multiplicative function O5 Ñ O, and we
define ord : O5 Ñ RY t8u by ordpxq “ ordpx7q.
Denote by σ : O5 Ñ O5 the absolute Frobenius x ÞÑ xp, and in the same
way the induced automorphism of the local domain
Ainf “W pO
5q.
There is a canonical homomorphism of Zp-algebras
Θ : Ainf Ñ O
satisfying Θprxsq “ x7, where r¨s : O5 Ñ Ainf is the Teichmuller lift.
The kernel of Θ is a principal ideal. To construct a generator, first fix a
Zp-module generator
ζ “ pζp, ζp2 , ζp3 , . . .q P Tppµp8q
and define ǫ “ p1, ζp, ζp2 , . . .q P O
5. The element
ξ “ r1s ` rǫ1{ps ` rǫ2{ps ` ¨ ¨ ¨ ` rǫpp´1q{ps P Ainf
generates kerpΘq. If we denote by
̟ “ 1` ǫ1{p ` ǫ2{p ` ¨ ¨ ¨ ` ǫpp´1q{p P O5
its image under the reduction map Ainf Ñ Ainf{ppq “ O
5, then ordp̟q “ 1,
and there are canonical isomorphisms
O{ppq – Ainf{pξ, pq – O
5{p̟q.
2.2. Breuil-Kisin-Fargues modules. There is an equivalence of categories
between p-divisible groups over O and Breuil-Kisin-Fargues modules, whose
definition we now recall.
Definition 2.2.1. A Breuil-Kisin-Fargues module is a triple pM,φ,ψq, in
which M is a free module of finite rank over Ainf , and
φ,ψ :M ÑM
are homomorphisms of additive groups satisfying
φpamq “ σpaqφpmq, ψpσpaqmq “ aψpmq,
for all a P Ainf and m PM , as well as φ ˝ ψ “ ξ.
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Suppose pM,φ,ψq is a Breuil-Kisin-Fargues module. Let
σ˚M “ Ainf bσ,Ainf M
be the Frobenius twist, as usual. Denote by N the image of the Ainf -linear
map
M
x ÞÑ1bψpxq
ÝÝÝÝÝÝÝÑ σ˚M.
It is easy to see that
ξσ˚M Ă N Ă σ˚M.
Define the de Rham, etale, and crystalline realizations of pM,φ,ψq by
MdR “ σ
˚M{ξσ˚M
Met “M
ψ“1
Mcrys “W pkq bσ,Ainf M.
Abbreviating h “ rankAinf pMq, these satisfy the following properties.
‚ The de Rham realization is a free O-module of rank h, and sits in
the short exact sequence
0Ñ N{ξσ˚M ÑMdR Ñ σ
˚M{N Ñ 0
of free O-modules. Indeed, the freeness of MdR is clear, the freeness
of σ˚M{N follows from the proof of [Lau17, Lemma 9.5], and the
freeness of N{ξσ˚M is a consequence of this.
‚ The e´tale realization Met is a free Zp-module of rank h (see the
remarks below Theorem 2.2.2). Its Hodge-Tate filtration
FHTpMq ĂMet bZp C
is the kernel of the C-linear extension of
Met
x ÞÑ1bψpxq
ÝÝÝÝÝÝÝÑ N{ξσ˚M.
‚ The crystalline realization is a freeW pkq-module of rank h, endowed
with operators
F pabmq “ aσ b φpmq, V pabmq “ σ´1paq b ψpmq,
giving it the structure of a Dieudonne´ module.
The following theorem is due to Fargues [Far15] and Scholze-Weinstein
[SW13, SW17]. See also the work of Lau [Lau17].
Theorem 2.2.2. There is an equivalence of categories from Breuil-Kisin-
Fargues modules to p-divisible groups over O. It is constructed by composing
the functor
(2.2.1) pM,φ,ψq ÞÑ pMet, FHTpMqq
from Breuil-Kisin-Fargues modules to the category of pairs pT,W q appearing
in Theorem A, with the equivalence from that category to the category of p-
divisible groups.
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The equivalence of categories of Theorem 2.2.2 is established in [SW17],
but with a different notion of e´tale realization, and hence a different functor
in place of (2.2.1). We explain the connection between our functor (2.2.1)
and the one appearing in [SW17].
The inclusion O5 Ă C5 induces a ring homomorphism Ainf Ñ W pC
5q.
Given a Breuil-Kisin-Fargues module pM,φ,ψq one can define an alternate
e´tale realization
M 1et “ pM bAinf W pC
5qqφ“1.
Set M “M 1et bAinf . It is proven in [SW17] that M
1
et is a free Zp-module of
rank h “ rankAinf pMq, and that the inclusion of M
1
et into M bAinf W pC
5q
induces an isomorphism
(2.2.2) MbAinf W pC
5q –M bAinf W pC
5q.
Define µ “ rǫs ´ 1 P Ainf . This element satisfies µ “ ξσ
´1pµq. In fact
(2.2.3) Zσ´1pµq “ ta P Ainf : σpaq “ ξau,
and inside the W pC5q-module (2.2.2) we have inclusions of Ainf -submodules
σ´1pµqM ĂM ĂM.
As σ´1pµq has nonzero image under θ : Ainf Ñ O, we obtain canonical
isomorphisms
M bAinf ,θ C –MbAinf ,θ C –M
1
et bZp C.
This allows us to define an alternate Hodge-Tate filtration
F 1HTpMq ĂM
1
et bZp C
as the C-span of the image of
σ˚M
x ÞÑ1bφpxq
ÝÝÝÝÝÝÑM ÑM{ξM ĂM bAinf ,θ C “M
1
et bZp C.
It is proven in [SW17] that the functor
(2.2.4) pM,φ,ψq ÞÑ pM 1et, F
1
HTpMqq
establishes an equivalence of categories from Breuil-Kisin-Fargues modules
to pairs pT,W q as in Theorem A. To relate this to the functor (2.2.1), note
that (2.2.3) implies the equality
Met “ σ
´1pµqM 1et
of Zp-submodules of M bAinf W pC
5q. In fact, it is easy to verify that multi-
plication by σ´1pµq establishes an isomorphism of functors from (2.2.4) to
(2.2.1), and hence this latter functor is also an equivalence of categories.
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2.3. More on Breuil-Kisin-Fargues modules. To better understand the
properties of the equivalence of categories of Theorem 2.2.2, we introduce
the category of windows, following Zink [Zin01] and Lau [Lau17].
Let Acrys be the p-adic completion of the subring
A0crys “ Ainfrξ
n{n! : n “ 1, 2, 3, . . .s Ă Ainf r1{ps.
It is an integral domain endowed with a ring homomorphism
(2.3.1) θcrys : Acrys Ñ O
extending θ : Ainf Ñ O, and divided powers on the kernel I “ kerpθcrysq.
The subring A0crys Ă Ainf r1{ps is stable under σ, and there is unique
continuous extension to an injective ring homomorphism σ : Acrys Ñ Acrys
reducing to the usual p-power Frobenius on Acrys{pAcrys. Moreover,
(2.3.2) σpIq Ă pAcrys and
σpξq
p
P Aˆcrys.
Definition 2.3.1. A window is a quadruple pP,Q,Φ,Φ1q consisting of a
projective Acrys-module P of finite rank, a submodule Q Ă P , and σ-semi-
linear maps
Φ : P Ñ P, Φ1 : QÑ P
satisfying
‚ IP Ă Q, and both Q{IP and P {Q are free over Acrys{I – O,
‚ ab x ÞÑ aΦ1pxq defines an isomorphism σ
˚Q – P of Acrys-modules,
‚ Φpaxq “ pΦ1paxq for all a P I and x P P .
Remark 2.3.2. Taking a “ ξ in the final condition, and using (2.3.2), yields
Φpxq “
p
σpξq
¨ Φ1pξxq,
for all x P P . This implies Φpxq “ pΦ1pxq for all x P Q, and also shows that
each one of Φ and Φ1 determines the other.
Remark 2.3.3. In [Lau10] and [Lau17], what we have called a window would
be called a window over the frame
Acrys “ pAcrys, I,O “ Acrys{I, σ, σ1q,
where σ1 : I Ñ Acrys is σ1pxq “ σpxq{p.
SupposeG is a p-divisible group overO. Let P be its covariant Grothendieck-
Messing crystal evaluated at the divided power thickening (2.3.1). This is a
projective Acrys-module of rank equal to the height of G, equipped with a
σ-semi-linear operator Φ : P Ñ P and a short exact sequence
0Ñ ΩpG_q Ñ P {IP Ñ LiepGq Ñ 0
of free O-modules. Define Q Ă P as the kernel of P Ñ LiepAq. One can
show that ΦpQq Ă pP , allowing us to define Φ1 : QÑ P by
Φ1pxq “
1
p
¨ Φpxq.
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The following is a special case of the main results of [Lau17].
Theorem 2.3.4 (Lau). The construction G ÞÑ pP,Q,Φ,Φ1q just given de-
fines a functor from the category of p-divisible groups over O to the category
of windows. It is an equivalence of categories if p ą 2.
Now suppose we start with a Breuil-Kisin-Fargues module pM,φ,ψq. Set
P “ Acrys bσ,Ainf M,
and define Q Ă P as the kernel of the composition
Acrys bσ,Ainf M
// Acrys{IAcrys bσ,Ainf M
–

Ainf{ξAinf bσ,Ainf M
–

σ˚M{ξσ˚M // σ˚M{N.
Equivalently, Q Ă P is the Acrys-submodule generated by all elements of
the form 1 b ψpmq and a b m with m P M and a P I. There is a unique
σ-semi-linear map Φ1 : QÑ P whose effect on these generators is
Φ1p1b ψpmqq “ 1bm, Φ1pabmq “
σpaq
σpξq
b φpmq.
Note that σpaq{σpξq P Acrys by (2.3.2). Finally, define Φ : P Ñ P by
Φpabmq “
pσpaq
σpξq
b φpmq
for all a P Acrys and m P M . The following is a special case of the main
results of [Lau17].
Theorem 2.3.5 (Lau). The construction pM,φ,ψq ÞÑ pP,Q,Φ,Φ1q just
given defines a functor from the category of Breuil-Kisin-Fargues modules
to the category of windows. It is an equivalence of categories if p ą 2.
Given a window pP,Q,Φ,Φ1q, define its e´tale realization
Pet “ tx P Q : Φ1pxq “ xu.
This is a torsion-free Zp-module equipped with a Hodge-Tate filtration
FHTpPetq Ă Pet bZp C,
defined as the kernel of the C-linear extension of Pet Ñ Q{IP .
Denote by HTpair the category of pairs pT,W q in which T is a torsion-free
Zp-module, and W Ă T bZp C is a subspace. Using the obvious notation
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for the categories of Breuil-Kisin-Fargues modules, p-divisible groups over
O, and windows, we now have functors
(2.3.3) BKF-Modules oo
a //
b
''P
PP
PP
PP
PP
PP
PP
d
  
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆ p-DivGrp
c
xx♣♣
♣♣
♣♣
♣♣
♣♣
f
  ✁✁
✁✁
✁✁
✁✁
✁✁
✁✁
✁✁
✁✁
✁✁
Win
e

HTpair.
Here a is the equivalence of Theorem 2.2.2, b is given by Theorem 2.3.5, c is
given by 2.3.4, d sends a Breuil-Kisin-Fargues module to its e´tale realization,
e does the same for windows, and f sends a p-divisible group over O to its
p-adic Tate module endowed with its Hodge filtration.
The outer triangle adf commutes, just by definition of the functor a, but it
is not obvious from the definitions that any of the inner triangles commute.
The following theorem is no doubt known to the experts, but for lack of a
reference we give the proof.
Theorem 2.3.6. Assume that p ą 2. The diagram (2.3.3) commutes, and
the Breuil-Kisin-Fargues module pM,φ,ψq associated to G by Theorem 2.2.2
enjoys the following properties.
(1) There are isomorphisms of O-modules
ΩpG_q – N{ξσ˚M, LiepGq – σ˚M{N.
(2) If Gk denotes the reduction of G to the residue field k “ O{m, the
covariant Dieudonne´ module of Gk is isomorphic to Mcrys.
(3) There is an isomorphism TppGq –Met making the diagram
TppGq
HT

Met

ΩpG_q N{ξσ˚M
commute, where the vertical arrow on the right is the restriction to
Met ĂM of the O-linear map
M
x ÞÑ1bψpxq
ÝÝÝÝÝÝÝÑ N Ñ N{ξσ˚M.
Proof. The functors labeled b and c are equivalences of categories by Theo-
rems 2.3.4 and 2.3.5.
Consider the constant p-divisible group Qp{Zp over O. The window cor-
responding to Qp{Zp consists of P
0 “ Acrys and Q
0 “ Acrys endowed with
the operators Φ : P 0 Ñ P 0 and Φ1 : Q
0 Ñ P 0 defined by
Φpxq “ pσpxq and Φ1pxq “ σpxq.
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If G is a p-divisible group over O with associated window pP,Q,Φ,Φ1q, the
full faithfulness of the arrow c allows us to identify
(2.3.4) TppGq
HT // ΩpG_q
Homp´DivGrppQp{Zp, Gq // HompΩpµp8q,ΩpG
_qq
HomWinpP
0, P q // HompQ0{IP 0, Q{IP q
Pet // Q{IP.
From this it follows that the triangle cef is commutative.
Similarly, the Breuil-Kisin-Fargues module of Qp{Zp consists ofM
0 “ Ainf
endowed with its operators
φpxq “ ξσpxq and ψpxq “ σ´1pxq.
If pM,φ,ψq is a Breuil-Kisin-Fargues module with associated window pP,Q,Φ,Φ1q,
the full faithfulness of b allows us to identify
(2.3.5) Met // N{ξσ
˚M
HomBKFpM
0,Mq // HompN0{ξσ˚M0, N{ξσ˚Mq
HomWinpP
0, P q // HompQ0{IP 0, Q{IP q
Pet // Q{IP.
From this it follows that the triangle bde is commutative.
As c is an equivalence of categories and f is fully faithful, the commuta-
tivity of the triangle cef implies that e is fully faithful. It follows from this,
along with commutativity of the triangles bde and cef , and commutativity
of the outermost triangle adf (which is just a restatement of the definition of
a) that triangle abc commutes. Hence the whole diagram (2.3.3) commutes.
SupposeG is a p-divisible group over O, with Breuil-Kisin-Fargues module
pM,φ,ψq and window pP,Q,Φ,Φ1q. Using the commutativity of (2.3.3), we
deduce that
ΩpG_q – kerpP {IP Ñ LiepGqq “ Q{IP – N{ξσ˚M
and
LiepGq – P {Q – σ˚M{N.
12 BENJAMIN HOWARD
The quotient map O Ñ k induces a ring homomorphism Ainf Ñ W pkq
sending ξ ÞÑ p. It follows that there is a unique continuous extension to
Acrys Ñ W pkq, and standard results from Grothendieck-Messing theory
identify the Dieudonne´ module of Gk with
W pkq bAcrys P –W pkq bσ,Ainf M “Mcrys.
Finally, combining (2.3.4) and (2.3.5) identifies
TppGq
HT

Met

ΩpG_q N{ξσ˚M.
This proves all parts of Theorem 2.3.6. 
The invocation of Theorem 2.3.6 in the calculations below is the only
reason why the assumption p ą 2 is imposed in the introduction. Our ap-
proach in the sequel will be to allow arbitrary p, but to take the conclusions
of Theorem 2.3.6 as hypotheses.
3. Bounding the Hodge-Tate periods
Let G be a p-divisible group of height four and dimension two over O,
endowed with an action ∆Ñ EndpGq. Its p-adic Tate module is free of rank
one over ∆, and we fix a generator λ P TppGq.
Throughout §3 we assume that G and its Breuil-Kisin-Fargues module
enjoy the properties listed in Theorem 2.3.6. For example, it is enough to
assume that p ą 2.
3.1. Hodge-Tate periods. The embeddings (1.3.1) determine a decompo-
sition
(3.1.1) ΩpG_q “ Ω0pG
_q ‘ Ω1pG
_q,
in which each summand is free of rank one over O, and Zp2 Ă ∆ acts on
them through j0 and j1, respectively. The operator Π maps each summand
injectively into the other. Applying bOk to (3.1.1) yields a decomposition
ΩpG_k q “ Ω0pG
_
k q ‘ Ω1pG
_
k q
into one dimensional k-vector spaces.
Composing the Hodge-Tate morphism (1.1.1) with the two projections
yields two partial Hodge-Tate morphisms
TppGq
HT0ÝÝÝÑ Ω0pG
_q, TppGq
HT1ÝÝÝÑ Ω1pG
_q.
By fixing isomorphisms
(3.1.2) Ω0pG
_q – O, Ω1pG
_q – O,
we view these as O-valued linear functionals on TppGq.
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Using the chosen ∆-module generator λ P TppGq, define
τ0 “
HT0pΠλq
HT0pλq
, τ1 “
HT1pΠλq
HT1pλq
.
These are the Hodge-Tate periods of G. In each fraction the numerator
or denominator may vanish, but not simultaneously. Thus the Hodge-Tate
periods lie in P1pCq “ CYt8u. They do not depend on the choice of (3.1.2),
but do depend on the choice of generator λ.
Proposition 3.1.1. The Hodge-Tate periods satisfy τ0 ¨ τ1 “ p.
Proof. The action of Π on Ω0pG
_q ‘ Ω1pG
_q is given by
pω0, ω1q ÞÑ ps0ω1, s1ω0q
for some s0, s1 P O satisfying s0s1 “ p. From the ∆-linearity of the Hodge-
Tate morphism we deduce first
HT0pΠλq “ s0 ¨HT1pλq, HT1pΠλq “ s1 ¨ HT0pλq,
and then
τ0 ¨ τ1 “
HT0pΠλq
HT0pλq
¨
HT1pΠλq
HT1pλq
“ s0 ¨ s1 “ p,
as desired. 
3.2. Reduction to the residue field. Let Gk be the reduction of G to
the residue field k “ O{m.
Definition 3.2.1. Let H be the p-divisible group of a supersingular elliptic
curve over k. In other words, H is the unique connected p-divisible group
of height two and dimension one. The reduction Gk is said to be
(1) supersingular if it is isogenous to H ˆH,
(2) superspecial if it is isomorphic to H ˆH.
Remark 3.2.2. Our notions of supersingular and superspecial depend only
on the p-divisible group Gk, and not on its ∆-action. This differs from the
meaning of superspecial in some literature on Shimura curves.
We have defined superspecial using the entire p-divisible group Gk, but
it is really a property only of the p-torsion subgroup Gkrps. This is a conse-
quence of the following proposition.
Proposition 3.2.3. Let pD,F, V q be the Dieudonne´ module of Gk. The
reduction Gk is supersingular, and the following are equivalent:
(1) Gk is superspecial,
(2) FD “ V D,
(3) the operator V 2 kills D{pD.
Proof. All parts of this are well-known. The first claim follows from the
Dieudonne´-Manin classification of isocrystals: one can list all isogeny classes
of p-divisible groups over k of height four and dimension two, and the super-
singular isogeny class is the only one whose endomorphism algebra contains
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a quaternion division algebra. The second claim follows from the arguments
of [Oor75]. 
Let pM,φ,ψq be the Breuil-Kisin-Fargues module of G. The quotient
M 5 “M{pM
is a free module over O5 – Ainf{ppq, endowed with operators φ,ψ :M
5 ÑM 5
satisfying φ ˝ ψ “ ̟. Denote by N 5 “ N{pN the image of
M 5
mÞÑ1bψpmq
ÝÝÝÝÝÝÝÑ σ˚M 5.
Each of our embeddings j0, j1 : Zp2 Ñ O determines a map
Zp2 Ñ O{pO – O
5{̟O5,
and these two maps lift uniquely to j0, j1 : Zp2 Ñ O
5. The action of ∆ on G
determines an action on M 5, which induces a decomposition
M 5 “M 50 ‘M
5
1
analogous to (3.1.1). It follows from the next proposition that each factor
free of rank two over O5.
Proposition 3.2.4.
(1) D is free of rank one over ∆bZp W pkq.
(2) M is free of rank one over ∆bZp Ainf .
Proof. The p-divisible groupGk appears as a k-valued point in the Rapoport-
Zink space associated to a Shimura curve with bad reduction at p. The first
claim therefore follows from the Drinfeld’s explicit parametrization of such
points and their Dieudonne´ modules. See [KR00] for a brief summary, and
[BC91] for the full details.
Theorem 2.3.6 gives us an isomorphism
D{pD – σ˚pM{mMq
of ∆bZp k-modules, and from what was said above we deduce that M{mM
is free of rank one over ∆bZp k. The second claim of the proposition follows
easily from this and Nakayama’s lemma. 
3.3. The case ΠΩpG_k q “ 0. We assume throughout §3.3 that
ΠΩpG_k q “ 0.
We will analyze the structure of M 5, with its operators φ and ψ, and use
this to bound the Hodge-Tate periods of G. The first step is to choose a
convenient basis.
Lemma 3.3.1. There are O5-bases e0, f0 P M
5
0 and e1, f1 P M
5
1 such that
the operator Π P ∆ satisfies
(3.3.1) Πe0 “ 0, Πe1 “ 0, Πf0 “ e1, Πf1 “ e0,
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and such that ψ satisfies
ψpe0q “ t0e1, ψpe1q “ t1e0, ψpf0q “ e1 ` t1f1, ψpf1q “ e0 ` t0f0
for scalars t0, t1 P O
5 satisfying ordpt0q ą 0, ordpt1q ą 0, and
ordpt0q ` ordpt1q “ 1{p.
Proof. As M 5 is free of rank one over ∆bZp O
5, we may choose a basis such
that (3.3.1) holds, and the relation ψ ˝ Π “ Π ˝ ψ then implies
ψpe0q “ t0e1, ψpe1q “ t1e0, ψpf0q “ u1e1 ` t1f1, ψpf1q “ u0e0 ` t0f0
for some u0, u1, t0, t1 P O
5. The submodule N 5 Ă σ˚M 5 is generated by
1b ψpe0q “ t
p
1 b e1
1b ψpe1q “ t
p
0 b e0
1b ψpf0q “ u
p
1 b e1 ` t
p
1 b f1
1b ψpf1q “ u
p
0 b e0 ` t
p
0 b f0.
It is easy to see that
σ˚M 5{N 5 – pσ˚M{Nq bO O{ppq
is free of rank two as a module over O{ppq – O5{p̟q, and using this an easy
calculation shows that ordpt0t1q “ 1{p.
Recall that m5 Ă O5 is the maximal ideal. Theorem 2.3.6 identifies ΩpG_k q
with the image of N 5 in pσ˚M 5q{m5pσ˚M 5q, and by hypothesis this k-vector
space is annihilated by Π. It is easy to see from this that ordpt0q and ordpt1q
are positive.
Again using the fact that σ˚M 5{N 5 is free of rank two over O5{p̟q, and
that t0, t1 P O
5 are nonunits, an easy calculation shows that u0 and u1 are
units. Using this, another easy calculation shows that our basis elements
may be rescaled in order to make u0 and u1 equal to 1. 
Fix a basis as in Lemma 3.3.1. Theorem 2.3.6 identifies
TppGq{pT pGq “M
ψ“1{pMψ“1 Ă pM 5qψ“1,
and the image of our fixed generator λ P TppGq has the form
a0e0 ` a1e1 ` b0f0 ` b1f1 PM
5
for some coefficients a0, a1, b0, b1 P O
5 satisfying
a
p
0 “ a1t
p
1 ` b1(3.3.2)
a
p
1 “ a0t
p
0 ` b0
b
p
0 “ b1t
p
0
b
p
1 “ b0t
p
1.
Theorem 2.3.6 also identifies
ΩpG_q{pΩpG_q “ N{ppN ` ξσ˚Mq “ N 5{̟σ˚M 5
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with the direct summand of σ˚M 5{̟σ˚M 5 generated by the reductions of
1b ψpf0q “ 1b e1 ` t
p
1 b f1 P σ
˚M 5
1b ψpf1q “ 1b e0 ` t
p
0 b f0 P σ
˚M 5.
If we use this basis to identify
ΩpG_q{pΩpG_q “ N 5{̟σ˚M 5 – O5{p̟q ‘O5{p̟q
then, again using Theorem 2.3.6, the partial Hodge-Tate morphisms
TppGq{pTppGq
HT0ÝÝÝÑ Ω0pG
_q{pΩ0pG
_q – O5{p̟q
TppGq{pTppGq
HT1ÝÝÝÑ Ω1pG
_q{pΩ1pG
_q – O5{p̟q
are given by
HT0pλq “ a
p
1 HT0pΠλq “ b
p
0(3.3.3)
HT1pλq “ a
p
0 HT1pΠλq “ b
p
1.
Lemma 3.3.2. For i P t0, 1u, we have
ordpbiq “
1
p2 ´ 1
`
p ¨ ordptiq
p` 1
.
Proof. As Πλ P TppGq has nonzero image in
TppGq{pTppGq ĂM
5,
we must have b0e1 ` b1e0 ‰ 0. Therefore one of b0 and b1 is nonzero. The
relations (3.3.2) then imply first that both b0 and b1 are nonzero, and then
that
b
p2´1
i “ pt0t1q
p ¨ t
ppp´1q
i .
The claim follows by applying ord to both sides of this equality. 
Lemma 3.3.3. If we assume that
1
p2pp´ 1q
ă ordpt1q,
then
ordpa0q “
1
ppp2 ´ 1q
`
ordpt1q
p` 1
, ordpa1q “
1
p2 ´ 1
´
ordpt1q
p` 1
.
Of course there is a similar result if t1 is replaced by t0.
Proof. Recall the equality ap0 “ a1t
p
1 ` b1 from (3.3.2). The only way this
can hold is if (at least) one of the three relations
‚ p ¨ ordpa0q “ ordpb1q ď ordpt
p
1a1q
‚ p ¨ ordpa0q “ ordpt
p
1a1q ď ordpb1q
‚ ordpb1q “ ordpt
p
1a1q ď p ¨ ordpa0q
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is satisfied. The second and third relations cannot be satisfied, as each
implies
0 ď ordpa1q ď ordpb1q ´ p ¨ ordpt1q “
1
p2 ´ 1
´
p2 ¨ ordpt1q
p` 1
ă 0.
Hence the first relation holds, and Lemma 3.3.2 shows that
p ¨ ordpa0q “ ordpb1q “
1
p2 ´ 1
`
p ¨ ordpt1q
p` 1
.
This proves the first equality.
For the second equality, the relations (3.3.2) imply
a
p2
0 “ a
p
1 ¨ pt
p
1 ` t1q
p ´ pt0t1q
pa0
a
p2
1 “ a
p
0 ¨ pt
p
0 ` t0q
p ´ pt0t1q
pa1.
Using the second of these, along with
ord
`
a
p
0 ¨ pt
p
0 ` t0q
p
˘
“ ordpb1q ` p ¨ ordpt0q
“
p2
p2 ´ 1
´
p2 ¨ ordpt1q
p` 1
ă 1 ď ord
`
pt0t1q
pa1
˘
,
we find that
ordpa1q “
ord
`
a
p
0 ¨ pt
p
0 ` t0q
p
˘
p2
“
1
p2 ´ 1
´
ordpt1q
p` 1
.

Now we can prove the main result of this subsection.
Proposition 3.3.4. If we assume, as above, that ΠΩpG_k q “ 0 then
1
p` 1
ă ordpτ0q ă
p
p` 1
and
1
p` 1
ă ordpτ1q ă
p
p` 1
.
Proof. First assume that
(3.3.4)
1
p2pp´ 1q
ă ordpt1q.
The discussion leading to (3.3.3) provides us with an O-module isomorphism
Ω0pG
_q{pΩ0pG
_q – O5{p̟q – O{ppq,
and we fix any lift to an isomorphism Ω0pG
_q – O.
It is easy to see from Lemmas 3.3.2 and 3.3.3 that ordpa1q and ordpb0q
lie in the open interval p0, 1{pq, and so ap1 and b
p
0 have nonzero images in
O5{p̟q. By (3.3.3) these images agree with the images of HT0pλq and
HT0pΠλq under
O Ñ O{ppq – O5{p̟q.
Thus
ordpHT0pλqq “ ordpa
p
1q “
p
p2 ´ 1
´
p ¨ ordpt1q
p` 1
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and
ordpHT0pΠλqq “ ordpb
p
0q “
p
p2 ´ 1
`
p2 ¨ ordpt0q
p` 1
.
It follows that
ordpτ0q “ ordpHT0pΠλqq ´ ordpHT0pλqq “
p
p` 1
´
pp´ 1q
p` 1
¨ ordptp1q,
and so
1
p` 1
ă ordpτ0q ă
p
p` 1
.
The analogous inequalities for ordpτ1q follow from τ0τ1 “ p. This proves
Proposition 3.3.4 under the assumption (3.3.4), and the proof when
(3.3.5)
1
p2pp ´ 1q
ă ordpt0q
is entirely similar.
Thus we are left to prove the claim under the assumption that both (3.3.4)
and (3.3.5) fail. This assumption implies that
1
p
“ ordpt0q ` ordpt1q ď
2
p2pp´ 1q
,
which implies that we are in the highly degenerate case of p “ 2 and
ordpt0q “
1
4
“ ordpt1q,
and so Lemma 3.3.2 simplifies to
ordpb0q “
1
2
“ ordpb1q.
Consider the equality a20 “ a1t
2
1` b1 of (3.3.2). As in the proof of Lemma
3.3.3, the only way this can hold is if (at least) one of the relations
‚ ordpa0q “ 1{4
‚ ordpa0q “ 0 and ordpa1q ě 1{4
holds. Similarly, the equality a21 “ a0t
2
0 ` b0 implies that (at least) one of
the relations
‚ ordpa1q “ 1{4
‚ ordpa1q “ 0 and ordpa0q ě 1{4.
holds. Combining these shows that ordpa0q ě 1{4 and ordpa1q ě 1{4.
In particular, ap1 has nonzero image in O
5{p̟q, and
ordpHT0pλqq “ ordpa
p
1q ď
1
2
.
On the other hand, bp0 has trivial image in O
5{p̟q, and it follows that
ordpHT0pΠλqq ě 1.
Therefore
ordpτ0q “ ordpHT0pΠλqq ´ ordpHT0pλqq ě
1
2
.
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The same reasoning shows that ordpτ1q ě 1{2, and the relation ordpτ0q `
ordpτ1q “ 1 then yields
ordpτ0q “
1
2
“ ordpτ1q.
This completes the proof of Proposition 3.3.4. 
3.4. The case ΠΩ1pG
_
k q ‰ 0. We assume throughout §3.4 that
ΠΩ1pG
_
k q ‰ 0.
Once again, we will analyze the structure of M 5 “ M{pM , and use this to
bound the Hodge-Tate periods of G. As in §3.3, the first step is to choose a
convenient basis for M 5.
Lemma 3.4.1. There are O5-bases e0, f0 P M
5
0 and e1, f1 P M
5
1 such that
the operator Π P ∆ satisfies
(3.4.1) Πe0 “ 0, Πe1 “ 0, Πf0 “ e1, Πf1 “ e0,
and such that ψ satisfies
(3.4.2) ψpe0q “ e1, ψpe1q “ te0, ψpf0q “ tf1, ψpf1q “ se0 ` f0
for some scalars s, t P O5 with ordptq “ 1{p. Moreover:
(1) For any such basis, Gk is superspecial if and only if ordpsq ą 0.
(2) If Gk is not superspecial such a basis can be found with s “ 1.
Proof. Exactly as in the proof of Lemma 3.4.1, we may choose a basis such
that (3.4.1) holds, and such that
ψpe0q “ t0e1, ψpe1q “ t1e0, ψpf0q “ u1e1 ` t1f1, ψpf1q “ u0e0 ` t0f0
for some u0, u1, t0, t1 P O
5 with ordpt0q ` ordpt1q “ 1{p.
The ∆-module ΩpG_k q is identified with the image of
N 5 Ñ pσ˚M 5q{m5pσ˚M 5q,
and this identifies Ω1pG
_
k q with the (one-dimensional) k-span of the vectors
1b ψpe1q “ t
p
1 b e0, 1b ψpf1q “ u
p
0 b e0 ` t
p
0 b f0
in pσ˚M 50q{m
5pσ˚M 5q. The assumption that Π does not annihilate Ω1pG
_
k q
implies that ordpt0q “ 0, which allows us to rescale our basis vectors to make
t0 “ 1, and then add a multiple of e0 to f0 to make u1 “ 0. Setting t “ t1
and s “ u0, the relations (3.4.2) now hold.
It follows from Proposition 3.2.3 and Theorem 2.3.6 that
Gk is superspecial ðñ V
2pD{pDq “ 0
ðñ ψ2pM 5{m5M 5q “ 0
ðñ ordpsq ą 0.
Finally, if ordpsq “ 0 it is an easy exercise in linear algebra to see that the
given basis elements can be rescaled to make s “ 1. 
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As in §3.3, our fixed generator λ P TppGq determines an element
a0e0 ` a1e1 ` b0f0 ` b1f1 PM
5,
where the coefficients a0, a1, b0, b1 P O
5 satisfy
a
p
0 “ a1t
p ` b1s
p(3.4.3)
a
p
1 “ a0
b
p
0 “ b1
b
p
1 “ b0t
p.
As in §3.3, we may identify
ΩpG_q{pΩpG_q “ N{ppN ` ξσ˚Mq “ N 5{̟σ˚M 5
with the direct summand of σ˚M 5{̟σ˚M 5 generated by the reductions of
1b ψpe0q “ 1b e1 P σ
˚M 5
1b ψpf1q “ s
p b e0 ` 1b f0 P σ
˚M 5.
If we use this basis to identify
ΩpG_q{pΩpG_q “ N 5{̟σ˚M 5 – O5{p̟q ‘O5{p̟q
then, using Theorem 2.3.6, the partial Hodge-Tate morphisms
TppGq{pTppGq
HT0ÝÝÝÑ Ω0pG
_q{pΩ0pG
_q – O5{p̟q
TppGq{pTppGq
HT1ÝÝÝÑ Ω1pG
_q{pΩ1pG
_q – O5{p̟q
satisfy
HT0pλq “ a0 HT0pΠλq “ b1(3.4.4)
HT1pλq “ b1 HT1pΠλq “ 0.
Lemma 3.4.2. We have
ordpb0q “
1
p2 ´ 1
, ordpb1q “
p
p2 ´ 1
.
Moreover,
ordpa0q ě
1
p2 ´ 1
, ordpa1q ě
1
ppp2 ´ 1q
,
and Gk is superspecial if and only if one (equivalently, both) of these in-
equalities is strict.
Proof. Exactly as in the proof of Lemma 3.3.2, both b0 and b1 are nonzero.
The relations (3.4.3) therefore imply that
b
p2´1
0 “ t
p,
from which the stated formulas for ordpb0q and ordpb1q “ ordpb
p
0q are clear.
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The relations (3.4.3) imply that a0 is a root of x
p2 ´ xtp
2
´ bp1s
p2 , and by
examination of the Newton polygon we see that
ordpa0q ě
1
p2 ´ 1
with strict inequality if and only if ordpsq ą 0. Combining this with ap1 “ a0
completes the proof. 
Lemma 3.4.3. If Gk is not superspecial then
̟ pa0{b1q
p`1 P pO5qˆ and ̟sp`1{tp P pO5qˆ,
and these units have the same reduction to kˆ.
Proof. We have already noted that (3.4.3) implies tp “ bp
2´1
0 , from which
one easily deduces the equalityˆ
a1
b0
˙p2
“
a1
b0
`
sp
b
ppp´1q
0
in the fraction field of O5. It follows from this and Lemma 3.4.2 that
̟
p
p`1
ˆ
a1
b0
˙p2
and
˜
̟
1
p`1 s
b
p´1
0
¸p
are units in O5 with the same reduction to kˆ, hence the same is true after
raising both to the power pp` 1q{p. The lemma follows easily from this and
the relations (3.4.3). 
Proposition 3.4.4. If we assume, as above, that ΠΩ1pG
_
k q ‰ 0 then
(3.4.5)
p
p` 1
ď ordpτ1q
with strict inequality if and only if Gk is superspecial. Moreover, if equality
holds then
p
τ
p`1
0
P Oˆ and
̟sp`1
tp
P pO5qˆ
have the same reduction to kˆ{Fˆp .
Proof. Using (3.4.4) and Lemma 3.4.2, we find that
ordpHT0pΠλqq “
p
p2 ´ 1
,
and that
ordpHT0pλqq ě
1
p2 ´ 1
with strict inequality if and only if Gk is superspecial. This implies that
ordpτ0q “ ordpHT0pΠλqq ´ ordpHT0pλqq ď
1
p` 1
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with strict inequality if and only if Gk is superspecial. The inequality (3.4.5)
follows from this and the relation τ0τ1 “ p of Proposition 3.1.1, with strict
inequality if and only if Gk is superspecial.
Suppose that equality holds in (3.4.5), so that Gk is not superspecial.
Choose an α P O5 satisfying αp
2´1 “ ̟. The construction of §2.1 determines
an element α7 P O whose image in O{ppq – O5{p̟q agrees with α.
Combining the relations (3.4.4) with Lemma 3.4.2 shows that
HT0pΠλq
pα7qp
P Oˆ and
b1
αp
P pO5qˆ
have the same reduction to kˆ, as do
HT0pλq
α7
P Oˆ and
a0
α
P pO5qˆ.
It then follows that
τ0
pα7qp´1
P Oˆ and
b1
a0αp´1
P pO5qˆ
have the same reduction to kˆ. Raising both to the power p`1 and applying
Lemma 3.4.3 proves that
̟7
τ
p`1
0
P Oˆ and
̟sp`1
tp
P pO5qˆ
have the same reduction to kˆ.
The only thing left to check is that the reduction of ̟7{p P Oˆ lies in
the prime subfield Fp Ă k. This is clear, as ̟
7{p lies in the closure of the
subring Zprµp8s Ă O by construction. 
4. The main results
We now formulate and prove our main results on the Ekedahl-Oort strati-
fication of the Hodge-Tate period domain (1.2.1). Throughout §4 we assume
that the conclusions of Theorem 2.3.6 hold. For example, it is enough to
assume that p ą 2.
4.1. The setup. Let T be a free ∆-module of rank one, and fix a generator
λ P T . Use the embeddings (1.3.1) to decompose
T bZp C “ TC,0 ‘ TC,1
as a direct sum of 2-dimensional C-subspaces, in such a way that the action
of Zp2 Ă ∆ on the summands is through j0 and j1, respectively. Using the
projection maps to the two factors, we obtain injective Zp-linear maps
q0 : T Ñ TC,0, q1 : T Ñ TC,1.
To each τ P C Y t8u we associate the ∆-stable plane
Wτ Ă T bZp C
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spanned by the two vectors
τq0pλq ´ q0pΠλq P TC,0, pq1pλq ´ τq1pΠλq P TC,1.
The construction τ ÞÑWτ establishes a bijection
C Y t8u – XpCq.
Remark 4.1.1. It is not hard to see that the above bijection P1pCq – XpCq
arises from an isomorphism of schemes over Qp2 . The isomorphism cannot
descend to Qp, for the simple reason that XpQpq “ H.
For the rest of §4.1 and §4.2 we hold τ P C Y t8u fixed, and let G be
the p-divisible group over O determined by the pair pT,Wτ q. Thus G comes
equipped with an action of ∆, and ∆-linear identifications
TppGq
HT // ΩpG_q bO C
T // pT bZp Cq{Wτ .
In the notation of §3.1, the Hodge-Tate periods of G are
(4.1.1) τ0 “ τ and τ1 “ p{τ.
4.2. Computing the reduction. Let Gk be the reduction of G to the
residue field k “ O{m, and let pD,F, V q be its covariant Dieudonne´ module.
We will show how to compute the isomorphism class of Gkrps from the
Hodge-Tate periods (4.1.1).
Let D “ ∆bZp k with its natural action of ∆ by left multiplication. The
embeddings (1.3.1) induce a decomposition
D “ D0 ‘ D1
in which Zp2 Ă ∆ acts on Di through the composition of ji : Zp2 Ñ O with
the reduction map O Ñ k. Choose k-bases
e0, f0 P D0, e1, f1 P D1
in such a way that Π P ∆ acts as
(4.2.1) Πe0 “ 0, Πe1 “ 0, Πf0 “ e1, Πf1 “ e0.
Theorem 4.2.1. The inequalities
(4.2.2)
1
p` 1
ă ordpτq ă
p
p` 1
hold if and only if ΠΩpG_k q “ 0. When these conditions hold, there is a
∆-linear isomorphism D{pD – D under which
Fe0 “ 0, Ff0 “ e1, Fe1 “ 0, Ff1 “ e0,
V e0 “ 0, V f0 “ e1, V e1 “ 0, V f1 “ e0.
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Proof. If ΠΩpG_k q ‰ 0 then either ΠΩ1pG
_
k q ‰ 0 or ΠΩ0pG
_
k q ‰ 0. In the
first case Proposition 3.4.4 implies
p
p` 1
ď ordpτ1q.
In the second case the same proof, with indices 0 and 1 interchanged through-
out, shows that
p
p` 1
ď ordpτ0q.
In either case, these bounds imply that (4.2.2) fails.
Now assume that ΠΩpG_k q “ 0. We have already proved in Proposition
3.3.4 that (4.2.2) holds, and so it only remains to prove that D{pD admits
an isomorphism to D with the prescribed properties.
Let e0, f0 P M
5
0 and e1, f1 P M
5
1 be the bases of Lemma 3.3.1. Using
the formula for ψ : M 5 Ñ M 5 prescribed in that lemma, and the relation
φ ˝ ψ “ ̟, one can write down an explicit formula for φ, and then see that
the induced operators on the reduction M 5{m5M 5 are given by
φpe0q “ 0, φpf0q “ ue1, φpe1q “ 0, φpf1q “ ue0,
ψpe0q “ 0, ψpf0q “ e1, ψpe1q “ 0, ψpf1q “ e0,
where u´1 P kˆ is the reduction of ´tp0t
p
1{̟ P pO
5qˆ.
The images of e0, f0, e1, f1 under the injection
M 5{m5M 5
x ÞÑ1bx
ÝÝÝÝÝÑ σ˚pM 5{m5M 5q – D{pD
provided by Theorem 2.3.6 form a k-basis of D{pD, denoted the same way,
satisfying the relations (4.2.1) and
Fe0 “ 0, Ff0 “ u
pe1, Fe1 “ 0, Ff1 “ u
pe0,
V e0 “ 0, V f0 “ e1, V e1 “ 0, V f1 “ e0.
We remains to prove that u “ 1. The two embeddings (1.3.1) reduce to
morphisms j0, j1 : Zp2 Ñ k, which then admit unique lifts to j0, j1 ÑW pkq.
This allows us to decompose D “ D0 ‘D1 as W -modules, where Zp2 Ă ∆
acts on the two summands via j0 and j1, respectively. Choose arbitrary lifts
f˜0 P D0, f˜1 P D1
of f0 and f1, and then define
e˜0 “ Πf˜1 P D0, e˜1 “ Πf˜0 P D1.
Using the fact that Π and V commute, we see that
V e˜0 “ pb1e˜1 ` pa1f˜1 V f˜0 “ a1e˜1 ` pb1f˜1
V e˜1 “ pb0e˜0 ` pa0f˜0 V f˜1 “ a0e˜0 ` pb0f˜0
for scalars
a0, a1 P 1` pW pkq, b0, b1 PW pkq.
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Denote again by σ : W pkq Ñ W pkq the lift of the Frobenius on k. From
the above equalities and FV “ p, one can see that
pf˜1 “ σpa0qF e˜0 ` σppb0qF f˜0, pf˜1 “ σppb0qF e˜0 ` σppa0qF f˜0.
Solving for F f˜0 results in`
σpa0q
2 ´ pσpb0q
2
˘
¨ F f˜0 “ σpa0qe˜1 ´ pσpb0qf˜1,
and reducing this modulo p proves that Ff0 “ e1. Hence u “ 1. 
Theorem 4.2.2. The inequality
(4.2.3) ordpτq ď
1
p` 1
holds if and only if ΠΩ1pG
_
k q ‰ 0. Moreover:
(1) If strict inequality holds in (4.2.3), there is a ∆-linear isomorphism
D{pD – D under which
Fe0 “ e1, Ff0 “ 0, Fe1 “ 0, Ff1 “ f0,
V e0 “ e1, V f0 “ 0, V e1 “ 0, V f1 “ f0.
(2) If equality holds in (4.2.3), there is a ∆-linear isomorphism D{pD –
D under which
(4.2.4)
Fe0 “ u
pe1, Ff0 “ ´u
pe1, Fe1 “ 0, Ff1 “ u
pf0,
V e0 “ e1, V f0 “ 0, V e1 “ 0, V f1 “ e0 ` f0,
where u is the image of p{τp`10 “ p{τ
p`1 under Oˆ Ñ kˆ.
Proof. If (4.2.3) holds then Theorem 4.2.1 implies that ΠΩpG_k q ‰ 0, and so
either
ΠΩ0pG
_
k q ‰ 0 or ΠΩ1pG
_
k q ‰ 0.
The first possibility cannot occur, as then the proof of Proposition 3.4.4,
with the indices 0 and 1 reversed everywhere, would give the bound
p
p` 1
ď ordpτ0q,
contradicting (4.2.3). Conversely, if ΠΩ1pG
_
k q ‰ 0 then (4.2.3) holds by
Proposition 3.4.4.
Assume now that (4.2.3) holds , and that ΠΩ1pG
_
k q ‰ 0. Let e0, f0 PM
5
0
and e1, f1 P M
5
1 be the bases of Lemma 3.4.1. As in the proof of Theorem
4.2.1, the operator φ on M 5 can be computed from the formula for ψ given
in the lemma. The induced operators on the reduction M 5{m5M 5 are found
to be
φpe0q “ ue1, φpf0q “ ´uv
pe1, φpe1q “ 0, φpf1q “ uf0,
ψpe0q “ e1, ψpf0q “ 0, ψpe1q “ 0, ψpf1q “ ve0 ` f0,
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where u P kˆ is the reduction of ̟{tp P pO5qˆ, and v P k is the reduction of
s P O5. By the final claim of Lemma 3.4.1, we may further assume that
v “
#
0 if Gk is superspecial
1 otherwise.
Suppose that strict inequality holds in (4.2.3). Proposition 3.4.4 tells us
that Gk is superspecial, and so v “ 0. The images of e0, f0, e1, f1 under the
injection
M 5{m5M 5
x ÞÑ1bx
ÝÝÝÝÝÑ σ˚pM 5{m5M 5q – D{pD
provided by Theorem 2.3.6 form a k-basis of D{pD, denoted the same way,
satisfying the relations (4.2.1) and
Fe0 “ u
pe1, Ff0 “ 0, Fe1 “ 0, Ff1 “ u
pf0,
V e0 “ e1, V f0 “ 0, V e1 “ 0, V f1 “ f0.
One can prove that u “ 1 by lifting the basis elements to D and arguing
exactly as in Theorem 4.2.1.
Suppose now that equality holds in (4.2.3). Proposition 3.4.4 implies
that Gk is not superspecial, and so v “ 1. As above, we obtain a k-basis
e0, f0, e1, f1 of D{pD satisfying (4.2.1) and (4.2.4). Moreover, Proposition
3.4.4 implies that the reduction map sends p{τp`10 ÞÑ u, up to scaling by
Fˆp . One can easily check that the isomorphism class of D, with its ∆ action
and operators (4.2.4), depend only on the Fˆp -orbit of u, and so this extra
scaling factor can be ignored. 
Theorem 4.2.3. The inequality
(4.2.5)
p
p` 1
ď ordpτq
holds if and only if ΠΩ0pG
_
k q ‰ 0. Moreover:
(1) If strict inequality holds in (4.2.5), there is a ∆-linear isomorphism
D{pD – D under which
Fe0 “ 0, Ff0 “ f1, Fe1 “ e0, Ff1 “ 0,
V e0 “ 0, V f0 “ f1, V e1 “ e0, V f1 “ 0.
(2) If equality holds in (4.2.5), there is a ∆-linear isomorphism D{pD –
D under which
(4.2.6)
Fe0 “ 0, Ff0 “ u
pf1, Fe1 “ u
pe0, Ff1 “ ´u
pe0,
V e0 “ 0, V f0 “ e1 ` f1 V e1 “ e0, V f1 “ 0.
where u is the image of p{τp`11 “ τ
p`1{pp under Oˆ Ñ kˆ.
Proof. Recalling (4.1.1), the inequality (4.2.5) is equivalent to
ordpτ1q ď
1
p` 1
.
Using this observation, the proof is identical to that of Theorem 4.2.2, but
with the indices 0 and 1 reversed everywhere. 
ON THE EKEDAHL-OORT STRATIFICATION OF SHIMURA CURVES 27
Corollary 4.2.4. The subset of XpCq defined by
1
p` 1
ă ordpτq ă
p
p` 1
is an Ekedahl-Oort stratum. The same is true of the subset defined by
ordpτq ă
1
p` 1
,
and the subset defined by
ordpτq ą
p
p` 1
.
The union of these three strata is the locus of points in XpCq for which the
corresponding p-divisible group has superspecial reduction.
Proof. This is immediate from Theorems 4.2.1, 4.2.2, and 4.2.3. For the
claim about superspecial reduction use Proposition 3.2.3. 
Now consider the locus of points"
τ P C : ordpτq “
1
p` 1
*
Y
"
τ P C : ordpτq “
p
p` 1
*
Ă XpCq
at which the corresponding p-divisible group does not have superspecial
reduction. This set is a union of infinitely many Ekedahl-Oort strata.
Corollary 4.2.5. The fibers of the composition"
τ P C : ordpτq “
1
p` 1
*
τ ÞÑp{τp`1
ÝÝÝÝÝÝÑ Oˆ Ñ kˆ
are Ekedahl-Oort strata, as are the fibers of the composition"
τ P C : ordpτq “
p
p` 1
*
τ ÞÑτp`1{pp
ÝÝÝÝÝÝÝÑ Oˆ Ñ kˆ.
Proof. For each u P kˆ let Fu and Vu be the operators on D defined by
(4.2.4). Note that Vu is actually independent of u. We claim that the
existence of a ∆-linear isomorphism
(4.2.7) pD, Fu, Vuq
φ
ÝÑ pD, Fu1 , Vu1q
implies u “ u1. To see this one checks that the first relation in
(4.2.8) φ ˝ Vu “ Vu1 ˝ φ, φ ˝ Fu “ Fu1 ˝ φ
implies that φ has the form
φpe0q “ ae0, φpe1q “ ae1, φpf0q “ af0, φpf1q “ af1 ` be1
for some a P Fp and b P k. Using this, one checks that φ commutes with
both Fu and Fu1 . The second relation in (4.2.8) then implies that Fu “ Fu1 ,
and hence u “ u1.
The same is true if we replace the operators of (4.2.4) with those of (4.2.6),
and the corollary then follows from Theorem 4.2.2 and Theorem 4.2.3. 
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